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Remap scheme that aims at controlling the numerical diffusion of the interface between both
fluids. This method does not involve any interface reconstruction procedure. The solver is
equipped with built-in stability and consistency properties and is conservative with respect
to mass, momentum, total energy and partial masses. This numerical scheme works with a
very broad range of equations of state, including tabulated laws. Properties that ensure a
good treatment of the Riemann invariants across the interface are proven. As a consequence,
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Numerical diffusion the numerical method does not create spurious pressure oscillations at the interface. We
Compressible flows show one-dimensional and two-dimensional classic numerical tests. The results are com-
Real fluids pared with the approximate solutions obtained with the classic upwind Lagrange-Remap

approach, and with experimental and previously published results of a reference test case.
© 2009 Elsevier Inc. All rights reserved.

1. Introduction

We consider the simulation of flows with interfaces separating two compressible fluids. A first classic approach consists in
modelling the flow of each fluid by the compressible Euler equations in each fluid domain and then coupling both systems
across the interface thanks to jump relations. This coupling formulation can be replaced by an alternate single problem defined
over the whole computational domain by introducing an additional parameter generally called a “color function”. The color
function can be a physically relevant parameter, e.g. a mass fraction of a volume fraction, or an abstract parameter that takes
the value O (resp. 1) in fluid O (resp. 1). The system can thus be viewed as the flow of a single equivalent fluid whose state law is
defined according to the value of the color function. In this case, the material interface is located by the discontinuity locus of
the color function. This framework has been used extensively for the past years and has contributed to popularize interface
capture methods. The ground of interface capture methods consists in solving an evolution PDE for the color function without
any interface reconstruction process. This usually creates a numerical transition zone for the color function that requires to
introduce a mixture model. Indeed, for compressible fluids, although we suppose both fluids to be equipped with their own
Equation of State (EOS), no EOS is given a priori for the region where the interface becomes numerically smeared.

Among the numerous works that have addressed this issue, we choose here to focus on the five-equation system pro-
posed in [2,3] that provides a convenient model for the EOS in the numerical transition zone. Let us mention that other
five-equation systems have been studied by [20,21,24] for the case of more complex interface problems that account for
physical mixing zones. These works usually propose a discretization based on an approximate Riemann solver. Unfortunately
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the numerical diffusion generated by the solvers tends to extend the smeared zone that captures the interface. As a conse-
quence, for simulations that require a relatively large amount of time steps the interface shape may no longer be distinguish-
able. A possible cure for this drawback is to consider interface capture methods such as the well-known level set methods
[47,30,31,9,46,45] which intrinsically do not smear the interface. Instead of capturing the profile of a discontinuous color
function, level set methods propose to define the interface as the zero-level set of a function that approximates the signed
distance to the interface in a neighborhood of the latter. The implementation of a level set method consists then in following
the evolution of a continuous level set function thanks to a PDE instead of a discontinuous color function. However, the level
set methods do not ensure the resulting algorithm to be conservative in the general case. Moreover, it requires the use of
additional treatments in order to reinitialize the level set function during the computation. Both of these issues have been
widely examined by numerous works. Let us mention for example [48,42,50,51,39] for conservativity issues and the work of
[22,30,23,54,36,52] for reinitialization techniques.

An alternate approach to cope with the numerical smearing of the interfaces has been considered by [8]. The core of the
method relies on a stability analysis initially developed for the simple case of the linear advection equation [6,19]. An exten-
sion to the capture of an interface for a specific compressible multimaterial flow model was then derived in [8] by means of a
Lagrange-Remap strategy. Let us also mention the work [38] that used the linear advection scheme of [6,19] for simulating a
specific system dedicated to flows with interfaces in the low-Mach regime.

Following the way paved by [19,7,8] the present paper proposes a Lagrange-Remap solver for the five-equation model of
[2,3] that complies with the following constraint: the solver should be conservative with respect to partial masses, momen-
tum, mass and total energy. Moreover one can show that for a wide range of flow configurations the solver will provide for
both mass fraction and color function stability properties that are comparable to those of the classic upwind solver. The sol-
ver also provides a good treatment of the Riemann invariants across the material front in a similar way to the solver pro-
posed in [2,3]. Let us also emphasize that our scheme does not require any additional CPU cost compared to a classic
upwind Lagrange-Remap method.

The overall construction principle of our numerical scheme has been presented in [43] along with a few preliminary sim-
ulations. We intend to provide here a thorough presentation of this numerical scheme and its properties along with detailed
numerical results. The paper is organized as follows: in the first section we recall the five-equation model with isobaric clo-
sure of [2,3] and its main properties, then in Section 3.1.2 we recall the general structure of a Lagrange-Remap solver. In
Section 3.1.4 we show that, following our lines, the design of the whole solver boils down to properly define a numerical
flux for the color function. This matter is examined in Section 3.2 where we provide stability and consistency constraints
for the numerical flux associated with the color function and show that all of these constraints are compatible with each
other. In Section 3.4 we present the full algorithm. We examine in Section 4 the effect of our scheme on the Riemann invari-
ants across the material interface. Finally, we present in Section 5 a series of one-dimensional and two-dimensional numer-
ical tests that show the good behavior of the scheme regarding the numerical diffusion of the interface.

2. The five-equation system with isobaric closure

We briefly recall in this section the system we are concerned with and its main properties. The notations we shall use
here slightly differ from the original notations of [2,3].

We note p,, & and Py, respectively, the density, the specific internal energy and the pressure of fluid k = 0, 1. We suppose
each fluid k = 0,1 to be equipped with an equation of state (EOS) of the form p,& : (o, Px)—py&k. The position of the inter-
face is located thanks to a color function (x, t)~z that takes the value 1 (resp. 0) when the point x belongs to a pure fluid 1
(resp. 0) region at instant t.

The density p and specific energy ¢ of the two-fluid medium are given by

p=2zp1+(1-2)py, p&=2p;& +(1-2)pyéo.
We define the mass fraction y, of the fluid k = 0,1 by setting
y=zpi/p, Y1=Y. Yo=1-V.
Both fluids are supposed to have the same velocity u and we note e = ¢ + \u\Z/Z the specific total energy of the two-fluid

medium. For k = 0,1 let us also note ¢, = Pr(0€/OPx),, and c, the sound velocity of pure fluid k assumed to be real valued.
The five-equation system with isobaric closure reads

%Lty +div(pyu) =0,

% +div(pu) =0,

85%+div(pu®u)+gradP:0, (1)
% + div[(pe + P)u] = 0,

%+u~gradz:0,

ot
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where the pressure law P : (p,(1 — 2), p,2, p&,z)—P is defined as the solution of the system
{P = P1(py, p1€1) = Po(pq, Poto),
pe=12zp1&1 + (1 —2)pyéo

for given values of p,, p;,z and &. System (2) provides a consistent definition of P for a very wide class of fluids. Indeed, one
can state that if the EOS of each pure fluid k = 0,1 verifies

(2)

& >0, Py=0, (P Pré)—Py isa @' function such that Py(p,, pyér = 0) =0,

then (2) has a unique solution (see [2,3]). Moreover, for a wide range of fluids such as Mie-Griineisen materials, van der
Waals fluids, stiffened gases or perfect gases, system (2) admits a unique solution P that can be expressed explicitly by means
of the variables p,, p;,z and . Let us note that solving (2) also enables to retrieve the phasic energies p, &, thanks to the pure
fluid EOSs by setting p,&x = pék(py, P), where P is the solution of (2), for k=0, 1.

Remark 1. When z = 0 (resp. z = 1), the closure law defined by (2) may be ambiguous as p; (resp. p,) becomes an arbitrary
parameter. In this case, we use a threshold value # > 0 as follows: when z < 77 (resp. 1 — n < z) we set P = Py(p, p¢) (resp.
P = P;(p, pe)). When 1 < z < 1 — 1 we retrieve P by solving (2). In practice we use # = 107>, but we did not experience a
significant sensitivity of the simulation results when choosing smaller values for #. Let us also note that for stiffened gases or
perfect gases, the explicit definition of P degenerates naturally when z tends to O (resp. 1), therefore in these cases no
threshold is needed.

Let us now briefly recall the eigenstructure of the five-equation system with isobaric closure. For one-dimensional prob-
lems, smooth solutions of system (1) verify the following quasi-linear system:

V V
at[”z ] +A<pv,z>ax["z ] ~0, pV=(py.p.pu.pe)". 3)

We now recall the main well-posedness property of system (3).

Proposition 2.1. Suppose that & > 0 and &, > 0, then the matrix A(pV,z) possesses 5 real eigenvalues {u — c,u,u,u,u+c},
where the sound velocity c of system (3) verifies

E=z&+(1-2)&, pe =zp,&ict + (1 —2)poéoCs.

Moreover the matrix A(pV, z) also possesses a set of eigenvectors that spans R®. Therefore system (3) is hyperbolic. The fields asso-
ciated with the eigenvalues u 4 ¢ are genuinely non-linear and the fields associated with the multiple eigenvalue u are linearly
degenerate.

Remark 2. System (1) can be expressed in an equivalent fully conservative form using the variables (py, p, pu, pe, pz)".
Indeed, the variable z is only allowed to experience a jump across the material interface which is associated with the linearly
degenerate field. This ensures that the non-conservative product u - grad z is unambiguously defined and that the advection
equation for z in system (1) can be replaced by the conservation equation: 9;(pz) + div(pzu) = 0.

Remark 3. The initial data for the type of problems we are concerned with do not contain 0 < z < 1 values. Thus, as the var-
iable z is passively advected by the flow through the contact discontinuity associated with u, the exact solution of system (1)
will not produce any value 0 < z < 1 for t > 0. However, the discrete approximation will develop a numerical mixture zone
for the discretized variable z, which is a priori not physically relevant in this case. This mixture zone shall converge to the
zero-thickness locus of discontinuity of the variable z as the discretization space step tends to zero.

In the sequel we shall always suppose the EOS of both fluids to match hypotheses that guarantee hyperbolicity for system
(3) and that provide a consistent definition of the pressure P. More specifically we shall assume that for any given values of
Po>0,p, >0,0<z<1and ¢ > 0, there is a unique pressure P verifying the isobaric closure (2) and unique phasic energies
values p;&; and p,&, such that pe =zp,&; + (1 — 2)pyéo.

3. Numerical scheme

We first present a general structure for the algorithm by briefly recalling the Lagrange-Remap process for the special case
of the five-equation system with isobaric closure. While the Lagrange step is standard, we shall detail how to build a con-
venient Remap step that ensures two types of features. First, it provides some consistency and stability properties for the
scheme. Second, it allows to minimize the diffusion of the variables which are used to locate the interface.

3.1. General quasi-conservative Lagrange-Remap form for the one-dimensional five-equation system
3.1.1. Five-equation system in Lagrangian coordinates

Let us first recall the expression of system (3) in Lagrangian coordinates. If we note D;- = 9, - +udy- the material derivative,
then considering smooth solutions the system (3) also reads
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Fig. 1. Multi-step structure of the Lagrange-Remap numerical scheme.
thy = 07
pDT — o,u =0,
pDiu+ 0P =0, (4)
pDce + 0x(Pu) =0,
pDiz=0

where t = 1/p. The Lagrangian coordinates system (X, t) attached to the initial instant ¢t = 0 is defined by

oy X, 6) = u(x(X,0),0),
Y=o, {?{(X,t:O):X, (5)

which states that x = y(X, t) is the position at time t of the particle that was at the coordinates X at instant t = 0. Equivalently
we can say that X = y~!(x, t) is the initial position at t = 0 of the particle that is located at the position x at the instant t. If one
considers any Eulerian field q: (x,t)—q, then we can define a Lagrangian field ¢“¢: (X, T)—~q“(X,t) by setting
q-e(X,t) = q(x(X,t),t) and also q5#(X) = q, 8 (X, t = 0) = q(x(X,t = 0),t = 0). Using these notation system (4) is thus equiv-
alent to

P 0y = 0,

P 0T — Oxu'E = 0,
PEO UL + 9xPE = 0,
PPEOER + Oy (PEule) = 0,
028 = 0.

3.1.2. The Lagrange—Remap solver

We now recall the Lagrange-Remap procedure. For a detailed presentation of this algorithm the reader can refer to [11].
Let us introduce some classic notations: let q : (x, t)—q(x,t) be any Eulerian field, we denote by g} an approximate value of

1 Xji1/2 .
— / qx,t"dx, jez, neN,
Ax P

where Ax is the space step and x; = jAX, X;.1,2 = (j + 1/2)Ax. The real interval [X;_1 2, X;;1,2] will be referred to as cell j, or cell
centered in x;. We shall note (q}');., = (q").

We consider a single time step from the instant " to the instant t"*!. Let (p"V", z") be the discretized state variable at time
t". The Lagrange-Remap solver consists in performing the three following steps (see Fig. 1).

Step 1. Consider a Lagrangian coordinates system attached to the instant t = t". Build the discretized Lagrangian variable
(peV'e zlag) = (pmV" z") associated with the discrete Eulerian variable(p"V",z").

Step 2. Update the Lagrangian variable (p'¥8V"£ z38) to the its state (pV,Zz) at instant t = t™! by solving numerically
system (6).

Step 3. Remap the Lagrangian variable (ﬁ\7,2) onto the Eulerian mesh which provides the discretized Eulerian variable

(p" V™! Znt1) at time t = t™1, by solving numerically system (5). This step accounts for the fact that the mesh asso-
ciated with the Lagrangian system is deformed by (5) through the resolution of (6) from t" to t"*.
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As it will be shown in Section 3.4, a simple equation substitution allows to see that the overall algorithm can be put in
conservative form for the variables p, py, pu and pe.
For the sake of readability, we shall use the following notations: for j € Z and n € N, we note

e g is an approximate value of the field g in the Eulerian frame within the cell j at instant t",

® ;.12 is an approximate value of the field g in the Eulerian frame at the interface j + 1/2 that separates the cell j and the
cell j+ 1 at instant t",

e §; is an approximate value of the field g in the Lagrangian frame within the cell j at instant ™1,

e (j.1,2 is an approximate value of the field g in the Lagrangian frame at the interface j + 1/2 that separates the cell j and the
cell j + 1 at instant ",

3.1.3. Lagrange step
The step 2 is a simple discretization of (6). Following [8] we use here the so-called “acoustic scheme” [5] that reads

Vi =y

2] = Z}-17
T — 1!

Py jAt L g Wiz — Uj-12) =0, )
—ut 1

P} x>t i P12 = Pioi) =0,

n i ejn 1
Pi At + Ax (Pir12Uj3172 — Piajallj12) = 0,

where the numerical fluxes are defined by

(P;+l 71)]’1)

. __1(qyn ny _ 1
Uz = 5 (Ut + W) = 950+

(POj11/2

Piijp =5 (Piyy + P}) = =52 (ufly —up), (8)
(P02 =/ max [} €, 7] min . )
The time step At is chosen in agreement with the following Courant-Friedrichs-Lewy (CFL) condition:
28 max (12l ()1 0/ min (o 1)) < € ©)
Jjez

with C™ usually chosen C™ < 0.8. The stability of the Lagrange step (7) under the condition (9) has been investigated in [5].

3.1.4. Remap step

Let us now turn to the step 3. The procedure of remapping the Lagrangian variable onto the Eulerian mesh consists in a
discrete resolution of system (5). Following classic lines (see [11]) we choose for this step a discretization of the form

Pt =P 1 ~
JTJ +ag (Piv1/2ts12 = Pi-12Uj-172) = 0,

L A 4 R AP o 0
A + E(pjﬂ/z}’jﬂ/zuﬂl/z — Pj-1/2Yj-1)2Uj—1,2) = 0,
pjrj+lu;1+1 _ ,OJUflj 1 . ~ ~ ~
B v a— + Ax (Pj+1 /241 2Uj172 — Pj—12Uj—12Uj12) = 0, (10)
pjmle]ml _ p]nej 1 ~ ~ B 0
T Ar T ax P28tz = Pi12€-12t-12) = 0,
n+1 n
Z —z

. . 1.,
Tar T ag@natae = Zimptisg) = 5o 7 Wz = W) = 0.

The update (10) from (pV, z) to (p™1V™! zm+1) is consistent with an advection step. Let us emphasize that (10) clearly shows
a conservative discretization for the variables pV and a non-conservative discretization for z. Once again, the time step At is
chosen according to the CFL condition (9), which ensures stability.

Given the Lagrange step described in Section 3.1.3 and given the framework (10) we only need to specify the numerical
flux (f)\7, 2);,1/, in order to obtain a totally defined Remap Step and therefore a totally defined Lagrange-Remap scheme. Con-
sequently, building the numerical scheme boils down to define
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yj+1/27 ﬁj+l/2~, ﬂj+1/27 (Pg)j+1/27 2j+1/2~ (11)

We propose to choose the quantities in (11) as follows: first, we enforce the flux consistency for y, p and ¢ by setting

= _ Zap(p)janp
yJ+1/2 B Pis12 ’

~ = -~ = -~ 12
Piv12 = Zir12(P1)jv12 + (1 = Zi112) (Po)jr1/25 (12)
Piv128i:172 = Ziv12(P1€1)je172 + (1 = Zs1/2) (Po0)j1/2-

The definition of the terms in (11) now boils down to choose the following fluxes:

(Po)i+1/2: (P1)is1j2s (Po0)jiizs (Pr€1)jv12, Uiz, Zsaja.
For (;/)\,JM /2, (p;‘:l)m 2 and 1.1/, we choose the upwind value according to the sign of the interface velocity u;.1,,, namely
(/’5675—1/1’5;507’5]%{:17[[)1'7 if Uj1,2 >07
(%vﬁvﬁg§07ﬁ&’ﬁ)j+l7 if Uji1/2 <0.

Finally, given the choices (13) and (12) the sole remaining problem consists in choosing the value of Z;,,,,. When we settle on
this point, the construction of the numerical scheme will be completed. This task is the purpose of the next Sections 3.3.1,
3.3.2,3.3.3,3.34 and 3.2.

(ﬁavﬁ;7ﬁ()\§07pr]\§1!a)j+1/2: { (13)

3.2. Choice of the flux z;.;,, and control of the numerical diffusion of the interface

For the sake of clarity we anticipate the results of the Section 3.3 and we propose in the present section some general
guidelines inspired from the limited downwind strategy of [6,19,8]. These guidelines will allow us to choose Z;.,, so that
the material interface remains sharp throughout the computation.

Let us suppose that we know a sequence of real intervals (I;;1/2);., that shall be referred to as “trust intervals” in the se-
quel. These intervals are such that, for a given j € 7, if the flow variable (pV,z)" matches a certain flow configuration Cj 1/, in
the neighboring cells of the interface j + 1/2 then Zj,/; € I;;1,, implies that the scheme fulfills numerical features such as

consistency and stability in some sense. Then we propose to choose Z;,4,, according to the following strategy:

(a) If the flow (pV,z)" does not match the flow configuration Cj,;,, in a neighborhood of the interface j + 1/2, then we
choose z;.;,, as the upwind value of z" = Z according to the sign of u;.1>.

(b) If the flow (pV,z)" does match the flow configuration Cj, 1, in a neighborhood of the interface j + 1/2, then we choose
Zj1,2 such that it belongs to I; 1, and such that z;.4 , is as close as possible to the downwind value of z = z" according
to the sign of uj,1,.

This strategy means that when the trust interval I;.,,, provides stability and consistency, we choose for z;,;,, “the most
downwind” possible value within Ij.,,, when I;,1,, does not give any information about the choice of Z;,1,, we choose the
upwind value as a “safety measure”.

In the sequel we shall see that the flow configurations Cj.;, we shall take into account simply relate to the sign of
Uji1/2,Uj_1,2 and uj,3,,. Moreover, the next sections will allow us to build a trust interval I; 4, that provides

consistency for the flux zj,;,, (see Section 3.3.1),
consistency for the flux y;.1,, (see Section 3.3.2),
stability for variable z (see Section 3.3.3),
stability for variable y (see Section 3.3.4).

Thanks to this list of features, although z;,;/, is chosen downwind or as close as possible to the downwind value, our
scheme is endowed with good stability and consistency properties. This downwind choice constrained by stability and con-
sistency will prevent the interface from being smeared by the numerical scheme as in [6,19,7,8].

Remark 4. For the special case of the one-dimensional scalar advection equation with constant velocity, it has been proven
that the limited downwind strategy is equivalent to the Ultra-Bee limiter in the formalism developed by Sweby [55] or the
Hyper-C scheme in the Normalized Variable Diagram of Leonard [44].

Sections 3.3.1, 3.3.2, 3.3.3 and 3.3.4 are dedicated to the detailed derivation of the trust intervals I;.; > and the resulting
overall algorithm is described in Section 3.4.

3.3. Trust interval for zj.;,,

Before going any further we introduce the following notations:
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Mj.1,2, = Min (zj’?,zﬁ]), M;j;1/2 = max (z}’,z}’H),

.12 = Min (YF-/Y}]H)? Mj1/2 = Max (yj’?,yj’?ﬂ).

We suppose that 0 < z]’.1 <land 0« yJ’f‘ < 1 for all j € Z, which implies that mj,q/, Mj,1/2, mj;12 and i, belong to the
interval [0, 1] for all j € Z. Moreover we make the assumption that

(Po)j+12>0 and  (py)j12>0, Vjez (14)
and that At and Ax satisfy the CFL condition (9).

3.3.1. Flux zj,4,> consistency constraint for z.;/»
As in [6,19,8] we remark that as soon as mj.1/2 < Zj.1,2 < Mj.12 then the flux Z;,4 ), is consistent. Therefore there is a “trust
interval” [mj 1,2, Mj.1/2] for Zj.1/, that ensures the consistency of the flux for the variable z in the sense that

Zi1j2 € [Mjy1/2,Mj12) =  consistency for Zj,q,. (15)

In the following, we shall consider Zj.1,, € [Mj.1/2, Mj12), for all j € Z.

3.3.2. Flux yj,1/> consistency constraint for zj,;,,
Following similar lines as those of the previous section, we note that as soon as nij.1,2 < Jji12 < Mjy1,2 then the flux y,q/»
for the variable y is consistent. Using the definition (12), we see that mj 1, < yj;1,2 is equivalent to

oz
M < - . (P1)jr1/2Z11)2 _ , (16)

Zi1a(P1)jr2 + (1 =Zi172) (00)j11/2

which also reads

Zi12{(P)ir12(1 = Myap2) + (Po)jr2Miv12} = (Po)jr1/2Mir1/2-

According to the hypotheses presented at the beginning of Section 3.3, we see that (ﬁ}+1/2(1 — mjz1.2) + (Po)js12Ms12 >0
and therefore (16) is equivalent to

(Po)j+1/2Mj11/2 =
— 127 L, < Zjt1/2-

(P1)jr172(1 = Myp172) + (Pg)jr1/2Mj1/2

Using the same lines we see that an equivalent condition for z;.,, to be such that yj,.1, < Mj 12 is

B < (Po)i+1/2M1 72

(P1)is1/2(1 = Ms12) + (Po)je12 M1z

Then if we note

i m;
A p— (Po)j+1/2 J+1/2 7 (17)
(P12 = mgia2) 4+ (Pg)j12Mjs1 /2
D = —— (Po)j172 J1/2_ (18)

(P1)jr172(1 = Mjs12) + (Po)js12Mjs1 2

we see that [dj;1,2,Dj,1)2] is a trust interval for z;,,,, that ensures consistency for the flux y;,1,, in the sense that
2j+1/2 c [dj+]/2,Dj+] /2} = }7141/2 S [mjﬂ /25 ‘Dtjur]/z] = consistency for yj+1/2~

In the sequel, we shall consider that Z.1,, € [dj;1/2,Dj+1,2), for all j € Z. We assume that this ansatz is compatible with
Zj1/2 € [Mji12, Mj1 2], however, this point will be proven in Section 3.3.5.

3.3.3. Color function stability constraint for z;.;,,

In the present section we shall exhibit a condition on z;,;, that ensures stability for the variable z in a neighbor cell of the
interface j + 1/2 when the velocities at the interfaces of this cell have the same sign. More precisely, one considers the cell
whose z value is “emptied” by the flux z; 4 », namely the cell j (resp. cell j + 1) when uj;1,, > 0 and u;_1,, > 0 (resp. uj; 12 <0
and uj3,, < 0). Then we seek a sufficient condition that enforces a local maximum principle in the cell j (resp. cell j + 1).

Suppose that u;,1,2 > 0 and u;_4,, > 0. In this particular flow configuration for the cell j, we have a simple sufficient sta-
bility condition for z; (see Fig. 2)

m_1, < ZJ’.’+1 < Mj_1,, = stability for z in the cell j. (19)
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A<

Uj—1/2 >0 Ujy1/2 >0

T
Tj-1 Ty T+l
Tj-1/2 Tjt1/2

Fig. 2. Condition for the z-stability: for the configuration u;,1, > 0 and u; 1/, > 0, the stability is ensured by m; 1, < Z"*' < Mj_152.

We shall now seek conditions on Zzj,,,, that ensure er_m € [mj_1,2,Mj_12]. According to (10), a sufficient condition for

mi_1p < z}'“ is given by
. At N At
Mj1 <z — E(zjﬂ/zujﬂ/z —Zi_12Uj-1)2) +EZJ- (Wjs12 — Uj—1/2),
which also reads

AX

At (mp]/z - Z]") - Z}?(ujH/Z —Uj_1p2) — 214/2”]4/2 < —21+1/2Uj+1/2~

As Zj_1, is chosen within the consistency trust interval [m;_,2, Mj_ /2], we have —Zj,1,; <

condition for (20) to be satisfied is
Ax
At
and equivalently

- U',]/z Ax 1
2‘12<z’.’+(m-,1zfzf’><’ - .
2N T Uip At Upgp

(mj,1/2 — ZJn) — Z}"(Ujﬂ/z — Uj,1/2) —Mj_1pUj_12 < *2j+1/2uj+1/2

Symmetrically, we see that a sufficient condition for z;,,,, to imply zj’.‘“ <My is

U_1n, Ax 1 ~
Z}]+<MJ71/2*Z}])<] ! )

s < Zjry2-
Finally if we note

Q12 = ZJU + (M]‘q/z — Zjn> <

Uiz At Ujp

Uji_12 B g 1 )
U1z AfUjgp))
Uji—12 Ax 1
Ujt1,2 At Uj+1/2>

A =20 + (M — Zf)(

(20)

m? ; ,. Consequently a sufficient

(21)

(22)

then we see that [a;,1/2,Aj.1/2] is a trust interval for Z;,;, that ensures the stability of z in the cell j when u;,4,, > 0 and

uj_1/2 > 0 in the sense that

Zjur]/z € [aj+]/2,Aj+1/2] = Z}-H] € [qu/z,MJ‘,]/z] = Stability for z in the cell ]

By applying the same lines for the case u;1, < 0 and uj3,, < 0, we obtain the following proposition.

Proposition 3.1. Suppose that z;,,, belongs to the consistency trust interval [m;_;,,,M;_1 ], for all i € Z and that the CFL

condition (9) holds. We consider a given j € Z.

() If ujs1/2 > 0 and uj.3,, > 0, we set

Uj_12 Ax 1
a-12:2‘7+<M-,12—z’?)<’ v )
aa J =y 1) \Ujr12 AL Ui

ll',]/z Ax 1
A‘12=ZU+<m;1272’7)<1 - .
e AN TP

We have the following sufficient condition for local stability:
Zip € (G172, Ap12] = zj’-”] € [Mj_1)2,Mj_1,2] = stability for z in the cell j.

(b) If uj12 < 0 and uj,3,, < 0, we set
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Uji3/2 Ax 1
Qi12 =2}, + (M 32 — ) ( + ;
J+1/ j+] J+3/ j+1 Ui At U1

Uji32 Ax 1
A = (m- z" ) Ehs i )
172 = “1 M3z = Zi Uiy 1/2 + At Ui

Then we have the following sufficient condition for local stability:
2j+1/2 € [aj+1/2,Aj+1/2] = Z+] € [mj+3/27Mj+3/2} = Stablllty fOT z in the Ce”j +1.
Proposition 3.1 defines a trust interval for z;,4,, that ensures local stability for z: when u;.1,, > 0 and u;_;, > 0, the sta-

bility condition deals with the value of z in the cell j, when uj;, < 0 and uj,3,, <0, it deals with the value of z in the cell
j+ 1

3.3.4. Mass fraction stability constraint for zj.1/» -
According to Section 3.1.4, the mass fraction flux is given by yj.1,2 = Zj112 (p1 )i+1/2/ Pjs1/2, Where pjap = Zja 2 (P1)js1 2+

(1- zjﬂ/z)(po)m/z and (pk)m/z, k = 0,1 are chosen using the upwind value by relation (13). We proceed following similar
lines to those in Section 3.3.3: when uj,1,, > 0 (resp. uj1,» < 0) we consider the neighboring cell j (resp. j + 1) whose y value
is “emptied” by the flux y;,; ,. We consider a special flow pattern when u;_1,; > 0 (resp. uj,3» < 0) and a condition on z;, 1,
that guarantees a local maximum principle for y in the cell j (resp. cell j + 1) through the definition of y.1/, .

We suppose that uj,1,, > 0and u;_;, > 0 and as in Section 3.3.3 for this particular flow configuration we see that we have
the following stability condition for the value of y in the cell j

M1 <Y <My, = stability for y in the cell j.
We seek a sufficient condition that ensures

Mj_12 < y}’“. (23)
By multiplying (23) by ,0"*1 and using (10) we see that (23) is equivalent to

At . - At . - . -
my-172 | Pf — 1 (Prerjatlivne — ij1/2”;—1/2)} S P = 3g Pisr2¥in vz = P 2Yimiatoi2),

which also reads

- - Ax P} Di—12Uj-1)2
Pir1/2Yjir12 < an ! (yjn - mjfl/Z) M(Y} 172 — Mj_172) + Mi120541/2- (24)
£ Uy Uji1/2

As we supposed Zj_1/; € [Mj_1/2, Mj_1,2] (see Section 3.3.1), therefore z;_;, € [0,1] and then using the assumption (14) we
see that p’jx{/z > 0. As we assumed the consistency constraint y; 1, € [mj_1/2, Mj_1,2] to be verified (see Section 3.3.2), then
we have & M (¥j—1/2 — mj_1,2) = 0. Thus we deduce that a sufficient condition for (24) and equivalently (23) to be true is

pr
At Ujiqp

Pjs12Yjsy2 < (yj mj—1/2> + mj_1/20j11/2- (25)
The inequality (25) is not an explicit constraint upon z;,,,, therefore we need to investigate a little further. We use the def-
inition (12) for pj.1/2¥j11,2 and pj1,2 in(25) and as (p,)js12 = (py)j, k = 0,1 according to the upwind choice (13) we find that
(25) is equivalent to

P} N
At Ujq (yJ "‘H/Z) + (Po)imy-1/2- (26)

[(Polmy-1/2 + (P11 = my12)| 21 2 <

As mj_1;; € [0,1], we see that (po) M2 + (pl) (1 —mj_12) = 0 and therefore that inequality (26) gives indeed an upper
bound for Z;,;/,,. Moreover, we notice that this bound is explicit as it only involves terms whose definition does not rely
on zj,1,,. For the sake of consistency with the formula of Proposition 3.1 we propose the following equivalent bound: let
us divide the relation (26) by p; then by noticing

@:@:@k)}]:(/’k)y. k=01

pj (Zk)j (Zk)j pjn

and by using the expression of p}/p; given by (7) we find that (26) reads

- pjn (mj*I/Z 7y-;7> Uj_1/2 Ax 1
Zip <7+ e .
(Po)imi-172 + (p1)] (1 = myay2) \Ujsa2 AL Ujyapo
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Symmetrically, a sufficient condition for Z;,,, to be such that y}”l < M4, is provided by

24 pjn (intf—l/z 7y]n) <U]‘,1/2 Ax 1 > <3

: - < Zjt1)2-
(P0)] Mi-172 + (p1)] (1 = Mj_12) "

Finally if we note

Ui At U1

P} (‘Jﬁj—l/z - J’f) (u]-,l 2 Ax 1 )

(P0)] Mi—1/2 + (p1)] (1 = Mj_12) 7
P! (111]4/2 - yjn> (uj71/2 B & 1 )

(Po)j i1z + (p1)f (1 =mj1p2) \Ujr1z AL Upsapp )’

we see that [bj.1/2, Bj,1/2] is a “trust interval” for choosing a value of Z;., that ensures a local stability for y in the cell j when
U2 > 0 and uj_y2 > 0 in the following sense:

b; 120 =2"+
w2 =g Uisiz AL Ujsyp

Biip =20 +

Zj+1/2 € [bj+1/27Bj+1/2] = y}Hl S [Tﬂj,l/z7 gﬁj,]/z} = Stablllty for y in the cell ]
We can perform a similar analysis for the case u;,1/2 < 0 and u;,3,> < 0 and finally we obtain the following proposition.

Proposition 3.2. Suppose that Zi,1,, € [Mi_12,M;j_1,2] and suppose that y;.1,5 € [m_1/2,Mi_1,2), for all i € Z and that the CFL
condition (9) holds. Consider a given j € Z.

() If ujs12 > 0 and uj_12 > O then we set

b: —ny pjn (intjfl/z 7yjn> (u]‘,”z _ & 1 >
PRI (o) M + (p)f (1 = My_12) \Wiag AT Ujpn)

By =20+ p (my-12=37) (“f—l/z A1 )
PRI T (polmiss + (pO)f (1= misi) \Warp A W)

We have the following sufficient condition for local stability:
Zivp € [biv1j2,Bji1p) = y;’“ € [mj_1/2,Mj_12] = stability for y in the cell j.

(b) If ujt12 < 0 and uj,3/2 < O then we set

b . P (933143/2 —yf+1> <uj+3/2 LA 1 )
j+1/2 = 45 N
PRI (o) My A ()] (1= M) \ag AL Ugia)”
n p}lr] (nlj+3/2 7y]"1+1> Ujy3/2 Ax 1
Bj+1/2 = Zj+1 + 7 m +— .
(Po)ii i3z + (P1)j1 (1T = myi32) \Ujsa2 AL Uiy

We have the following sufficient condition for local stability:

2j+1/2 S [bj+1/2,Bj+1/2] = y]n;rll S [111;43/2, m’ijurg/z] = Stablllty for y in the cellj+ 1.

3.3.5. Existence of the trust interval

In the previous sections we exhibited several “trust intervals” that, respectively, ensure consistency for the flux zj.1,, (see
Section 3.3.1), consistency for the flux y;.1,, (see Section 3.3.2), stability for the variable z (see Section 3.3.3) and stability for
the variable y (see Section 3.3.4). Let us first remark that we did not rule out the fact that some of these intervals may be
empty. Moreover, as we wish to impose all of these features we need to consider a trust interval I;,;/, that intersects all
of the previously mentioned intervals, namely

Liv1y2 = [Mjz12, Mjsa 2] 0 [disa /2, Djsa 2] 0 (G172, Ajia 2] 0 [Bjsa /2, Biva j2)- (27)

Consequently, we also need to check that I;,,,,70. The answer to both questions lies in the fact that the upwind (according to
the sign of uj,,,) value for z;.,,, belongs to each of the previous intervals. Indeed we have the following result.

Proposition 3.3. Let j € Z, let us define I;.,,, according to relation (27).
(a) Ifu}ur]/z > 0 and Uj—12 > 0, then ZF € Ij+1/2?é(0.
(b) If uj112 < 0 and ujy32 < O, then Z8 € Lap#0.
Proof. Let us suppose uj,1,, > 0 and uj_1,2 > 0. In this case we need to show that

zj = Z]"l € [Mjz1/2, Mjia 2] 0 [dis1 )2, Djsa 2] N [Gj11/2, Ajva 2] 0 [Djsa 2, Bivaj2)-
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First we see that
Mj,1/2 = Min (z;,z;;] ) <z

Then by using the consistency of the flux y;,1,,, the upwind choice (13) provides in our case that

— — ¥ W — — _1-y; 1=yt
(P1)js12 = (P1)j = Pjgj = Pjé and  (po)js1/2 = (Po)j = Pig 75 =Piq 72}-

According to the definition (17) we have

1—yn
Mj1/2 1k
J+1/2 70
d; = ]
j+1/2 = I yre
J J
(1= mjiap2) 3 + Myjsa2 770
J J
Therefore
d . Z'(1 =) (¥} — mjp12)
12 — % = —

(1- ]nj+]/2)y}l<1 - Z]”> + M1 (1 —y]”)zjfl :
As mj;12,2] and y7 belong to [0, 1] and as by definition w1/, = min(y},y7,;) <y}, we deduce that
djs1 2 < Z}'.
With the definitions in Proposition 3.1

Mi_1) — 27
7( il ])Ax<] Atlljfl/2>.

Q12 =27 — —(1-—=
s J Uji1/2 At

AX

As by definition M;_;,; = max (z]’f‘q,z}f') < zj’.‘ and as the CFL condition (9) imposes that u;_q,, ﬁ—f( < 1, we deduce that
Qj+1/2 < Zj'-1.
For the constraint of stability for the variable y, according to the definitions given in Proposition 3.2

W12y}

bisip =2 - pra eR (17£U‘ 12)
TS ()M + (p)f (1= Myap) \ AT

We know that 9%_;,, = max (yj'.[] yf) > y7' and that 9%_,, € [0, 1], altogether with the positivity hypothesis (14) and the CFL
condition (9), we obtain that

biip <7

Using similar lines we also obtain that z} < Mj.1/2,2] < Djy12,2] < Ajy1y2 and 2! < B2, which proves the point (a).
The point (b) can be proven using the same arguments. O

3.4. Overall algorithm

Let us first verify that the anti-diffusive numerical scheme is conservative with respect to the variables py, p, pu and pe.
Indeed, using the relations (7) and (10) the overall numerical scheme reads

plfl+1y1:l+1 _ p(lyn 1 . ~ ~ B
% + Ax (D121 2U172 — Pj172Yj-172Uj-172) = 0,

prt=p 1 ~
jth +ﬂ (Dj+1/2Uj51/2 — pj—l/Zuj—l/Z) =0,

n+lyn+1 _ gnqn
i

At + E(,bjﬂ/zajﬂ/zujﬂ/z + Pj+1/2 - ,bj—1/2ﬂj—1/2uj—1/2 - ij/z) =0,
n+1,n+1 npn
[ R N S Pt Ui — DitrBi iy ln iy — P otli 1) = O
At +AX(PJ+1/2€;+1/2UJ+1/2 + Pii1paUjc12 — Pj1/2€j-1/2Uj-1/2 — Pi—12Uj_12) = 0,
n+1 n
Z —

. . 1,
Tar T axg @tz = Zimptisg) = 5o 7 Wz = tep) = 0.

The scheme is composed of a conservative part for pV = [py, p, pu, pe]” and an advection-type discretization for z which
shows that our algorithm is quasi-conservative as the algorithm presented in [2,3].
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We now give a step-by-step view of the full anti-diffusive algorithm.

1. For each cell interface j + 1/2, compute uj,1,2, (PC)j 11,2 and Pj.q 5.
2. Compute At in agreement with the CFL constraint (9).
3. Compute (pV,i)j according to (7) for all j.
4. For each cell interface j + 1/2, compute the numerical flux z;,,, as follows:
o if Uji172 > 0
- if uj_12 > 0, compute the bounds of the trust interval Ij.1,» = [Wj.1,2, Qj11/2] defined by (27), then

if Z_;}«H < Wj+1/2, then choose 2j+1/2 = Wj+1/2,
if Wji12 < Zﬁr] < Q]ur]/z, then choose 2_”1/2 = Z}Lrl,
if Qj+]/2 < Z}]Jr], then choose Zjur]/z = Qj+1/2.

- if uj_12 <0, choose the upwind value
Zjap = Zf-
o if Uj12 < 0

- if uj32 > 0, choose the upwind value

Zii1p =2},

- if uj3/2 < 0, compute the bounds of the trust interval Ij.1, = [Wj.1,2, Qj11/2] defined by (27), then
if Z! < Wji1)2, then choose zj.1,2 = wj;1,2,
if Wi < Z} < Qa2 then choose zj,1,, = 27,
if Q10 < Z, then choose Z.1,, = Qj,1)>.

5. For each cell interface j + 1/2, compute the interface values y;.1/2, pj;1/2, (p&j-1/2 and iij,q 2, according to (12) and (13).
6. Update (pV,2); into (pV,z)j’-’” using (10) for all j.

4. Evolution of constant pressure and velocity profiles

A classic issue for the simulation of compressible flows involving two-component interfaces lies in ensuring that the
numerical scheme will not develop spurious oscillations at the material interface. Indeed, although the pressure and the
velocity are Riemann invariants for the contact discontinuity associated with the material interface of the five-equation
model [2,3], when the interface is smeared by the discretization, inconsistencies may appear between the extended EOS,
the state variable (pV,z) and the pressure P. This question has been examined by several authors for the past years within
the framework of various multi-component models [16,17,1,32,28,27,33,2,34,20,3,58,21,8].

For the five-equation model with isobaric closure, the Roe-type scheme [26] presented in [2,3] provides a good discret-
ization of the Riemann invariants across the material interface in the sense that it preserves some constant pressure and
velocity profiles for a wide range of EOSs. Proposition 4.1 shows that the anti-diffusive scheme is endowed with a similar
property.

Proposition 4.1. Let (p"V",z") be the approximate state variable at instant t" = nAt computed with the anti-diffusive scheme.
Suppose that (p"V" z") is a contact discontinuity with uniform velocity and pressure such that for all j € Z we have

(Po)] = Por  (P1)j = Pr, (29)

where P, 11, p,, p; are constants. Then, the approximate state variable (p™ 'V z1) computed with the anti-diffusive scheme
verifies

‘l = —
P =P, uj’?“ =0, Vjez, (30)
(Po)}m = Do (P1)}1H =p;, ViezZ (31)

Proof. We use thereafter the same notations as in Section 3. We suppose here without loss of generality that u > 0.
Before going any further, let us remark that as the pressure and both phasic densities are uniform at time t", then both
phasic internal energies at time t" are also uniform. Indeed, using the pure fluid state laws (p, Px)—péx(py, Px), one
can set

Viez, (peex)j = (Pier)(Pi:P) = P



S. Kokh, F. Lagoutiére /Journal of Computational Physics 229 (2010) 2773-2809 2785
Let us examine the Lagrangian approximate solution obtained after the Lagrange step (7). As pressure and velocity are uni-
form, the fluxes for the Lagrange step defined by relations (8) read
U =1, Pyp=P VYjiezZ
After the Lagrange step defined by relations (7) and (8) we obtain for all j € Z
Zi=2z, yi=y}, =1, L=u=1u ¢=e¢.

First we deduce that

R L - = (p )" =P, k=0,1.
(Py)j L@, T @) (Pe)i = Pk

We also have & = ¢ and thus (/;zv)] = (pe)]. The pressure ﬁj and the phasic energies (p,jz?)j, k = 0,1 associated with the up-
dated Lagrangian state (p;V;,z;) verify relations (2), which read here

{T’j — Po(Po, (Poto))) = P1(Pr, (p161);), 52

(pe); = (pe)] =2} (pre0); + (12 (Pofo);.

However, we know that the pressure P} = P and the phasic energies (Prér)j = Prér; k = 0,1 associated with the state variable
(p”\l” z7) at time t" verify relations (2), namely

{P:Po(p()vm):Pl(plvm)v (33)

(pe)j =7/ pre1 + (1 - 2]) poko.

We see then that (P i (poso)j, (,0181) ) and (P, py&o, P1€1) are, respectively, solutions of (32) and (33), which are the same sys-
tem. According to the hypotheses of Section 2, the isobaric closure system (2) admits a unique solution. Therefore

Pi=P. (poto); = Pofo, (p161); =Pie1. VjeZ

We shall now consider the Remap step (10). In our case we have

pit =]+ At < UPisz = Piape) =0, (34)
Py - p,'?y; + U PrpTienn = iovadiona) =0, 59
pf Uttt — pia+ gﬂ(ﬁju/zﬂju/z = Pi-12Uj-12) =0, (36)
pile ™ — pje + gﬁ(ﬁjwzéﬂwz = Pi-1/26-172) =0, (37)
z]’Hl -z +§f‘ U(Zjs12 — Zio12) = 0. (38)

As we supposed i > 0, the upwind cell relatively to the interface j + 1/2 is the cell j. Therefore, we have for all j € Z

(P1)js1/2 = (p ) (P2)is172 = (P2); = Pas
(P1&1)j11/2 = (P1€ ) =p181,  (P282)j1172 = (P282)j = D282,
W) = 1 = 0.

Then, injecting relation (34) into (36) provides p}’“(u}‘” — u) = 0. If we suppose that there is no vacuum formation in the
computational domain, namely pj’.Hl > 0 for all j € Z, we obtain

utl=u, Yjez

As a consequence, all the terms related to the kinetic energy vanish in relation (37), which gives

At ___ At_ — —
Pttt = pfg — S U(Pjj28iige — Pio12gig) = Z (2] PrBic = 72 B[ D (@)js17208 = Y (2K)j-1/2P08
Ax —0.1 Ax k=0.1 k=01
At — —
= Z D€ [ (2k); **u (ZK)jr12 = (Z)j-172 ]
Py ‘ Ax ( )

Thanks to relation (38) we obtain

pjmlg]nﬂ — Z]M]mﬂ- (1 _ ijl)m_ (39)
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By considering the mass fraction remap provided by relation (35) and the fluxes definition (12) we find that

n+1

At -
Z N (py)f T = 2Py + g PGz = 2]

Therefore, we have zM![(p,)!""

;17— p7] = 0, which implies that for all j € Z

(py)]"' =Py and similarly (p,)]"" = .

The pressure P}‘“ is thus solution of the system

A7} ) = (7 i) a0
(o) =2 (pren) + (1 =2 ) (poc)]

However, thanks to relation (39) we can see that a possible solution for (40) reads

P! = P1(py, pr&1) = Po(Po. PoBo) = P.

According to the hypotheses of Section 2 regarding the isobaric closure system, we know that this solution is unique and
finally, we can conclude that P)’-”] =P. O

(P& =DiEr, (Poo)]™ = Poto,

Remark 5. The proof of Proposition 4.1 does not rely on the anti-diffusive feature of the numerical scheme.

In Section 5 we shall present one-dimensional and two-dimensional numerical results of pure interface advection for flu-
ids with complex or analytical EOSs that concur with Proposition 4.1.

T
upwind A

T
upwind A
1F anti-diffusive O - 1r anti-diffusive O
exact exact
0.8 b 0.8 b
=} =}
2 )
g=] 2=
s 06 s 06
=} =}
= =
5 5
S 04+ B S 04
[} =]
&) @)

0.4 0.6
x(m)

t=0.01s

x(m)

t=3.0s

Fig. 3. One-dimensional advection test. Profiles of the color function obtained with the upwind scheme, the anti-diffusive scheme and the exact solution at
instant t € {0.01,3.0} s.

1001 . . . - 101000 . . . -
upwind A upwind A
anti-diffusive O anti-diffusive O
exact exact
1000.5 100500
Q =
g S
= £ 100000
4 ~
999.5 | 99500
999 1 1 1 1 99000 1 1 1 1
0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8
x(m) x(m)

Fig. 4. One-dimensional advection test. Profiles of the velocity and the pressure obtained with the upwind scheme, the anti-diffusive scheme and the exact

solution, at instant t = 3.0 s.
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5. Numerical results

We present a selection of numerical tests performed with the anti-diffusive scheme and the classic upwind Lagrange-Remap
solver for the five-equation model with isobaric closure. For both schemes, the two-dimensional tests have been achieved
thanks to a simple directional splitting. In this case, we suppose that the domain is discretized over a Cartesian grid and
we note u = (u;,u,) the velocity of the media. We set pU = [p, pu;, puy, pe]’, F1(pU, z) = [pu, pu2 + P, puyuy, (pe + P)u; |’
and F,(pU,z) = [puy, pusta, pu + P, (pe + P)up]". System (1) for two-dimensional problems is approximated by solving
successively

0:pU + 0y, F2(pU, 2) = 0,

{ 0tpU + 0y, F1(pU,2) = 0,
0z + uZaxZZ =0.

th
Oz + U104,z =0, en{

In the first step (resp. second step), the velocity component u, (resp. u;) is passively advected and therefore the problem
boils down to the one-dimensional case with an extra advected scalar. The overall stability and consistency properties
are ensured by each directional step. The present method is limited to Cartesian meshes.

The following study is limited to the comparison of the anti-diffusive scheme against the upwind scheme for the follow-
ing reasons: first, we believe that both schemes perform in a very similar way far from the interface. Numerical tests will
help to shed some light on this matter. Second, there is a very broad range of numerical schemes and interface capture tech-
niques, like Level Set techniques [47,30,31,9,46,45], Front Tracking [10,4,15,59], or VOF [14,18,29] methods, that would be
worth comparing to the anti-diffusive scheme. Achieving such an exhaustive comparison would be very lengthy and is be-
yond the scope of the present work. Nevertheless we shall see in Section 5.7 that results obtained with the anti-diffusive
scheme shows a strong agreement with both experimental results and previous works.

T T T T T T
r upwind A
1F B 1000 anti-diffusive O
exact
0.8 e 800 | i
P —~
= &
15 g
£ 0.6 h S L i
g _ opwind 4 2 o0
&) anti-diffusive O >
2 04 exact =
< .4 4 Z
400 | R
= ]
200 4
1 1 1 1

0.4 0.6 0.8 1
x(m) x(m)

Fig. 5. One-dimensional advection test. Profiles of the mass fraction y and the density obtained with the upwind scheme, the anti-diffusive scheme and the
exact solution, at instant t = 3.0 s.
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Fig. 6. One-dimensional advection test. Percent of cells in the domain where the color function z is numerically diffused versus the number of time steps (in
log scale), for the upwind and the anti-diffusive scheme.
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5.1. One-dimensional advection test
We consider a one-dimensional interface advection between two materials: the first fluid (denoted by fluid 0) is governed

by a tabulated EOS and the second fluid (denoted by fluid 1) is a stiffened gas. For the sake of simplicity and ease of repro-
ducibility we tabulated the following van der Waals gas:

Vg — 1
P ({25, pe+ aop®) ~aop?, =14 by

The table data were obtained by discretizing the region of the (p, P)-plane delimited by 0 < p < 990 and 10* < P < 10° over
a uniform grid of 1000 x 1000 nodes. The table gives the values of p¢ for each node (p,P) and the function (p, P)—pe is

1@ 0.9
upwind 8 duflgwmd A
i-diffusive ti-diffusive
o9 | - os| s
0.8 | 0.7
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~ 0.6 £ 05
£ z
2 05¢r 2 04
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Fig. 7. Shock tube test with a 300-cell mesh. Profiles of the density, the pressure, the velocity, the mass fraction and the color function obtained with the
upwind scheme, anti-diffusive scheme and the exact solution, at instant t = 0.14 s. Percent of cells in the domain where the color function z is numerically
diffused versus the number of time steps for both upwind and anti-diffusive schemes.
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provided thanks to a Q; interpolation. For the tabulated gas, the function (p, &)—P is defined implicitly and evaluated by
means of a Newton method.

The fluid 1 is a stiffened gas whose EOS is given by the following analytical relation:

P:("/l*])psfﬂ))]nh 77:1:6x108Pa (41)

The pressure of the five-equation model with isobaric closure is then retrieved by solving the equation P, = P; with respect
to the variable p,é&; thanks to a dichotomy algorithm.

We consider a 1 m long one-dimensional domain with periodic boundary conditions. The initial condition depicts a one-
dimensional fluid 1 bubble surrounded by fluid 0, namely

v, =44,

(p,u,P) = (50 kgm~3,10° m s~',10° Pa),
(p,u,P) = (10 kgm3,10* m s~!,10° Pa),

for x € [0,0.3) U (0.7,1],
for x € [0.3,0.7],

at t =0 (fluid 0),
att =0 (fluid 1).

The domain is discretized over a 100-cell mesh and we impose C “* = 0.99.

The color function profile obtained with the anti-diffusive solver remains very sharp throughout the computation (see
Fig. 3). Indeed, at t = 3.0 s after 1524000 time steps, the initial pulse shape of the variable is preserved by the anti-diffusive
scheme: only two cells are affected by numerical diffusion. Moreover, the position of the approximated pulse shows a very
strong match with the exact solution.

Fig. 4 shows that the constant pressure and velocity profiles are preserved by the anti-diffusive scheme. This illustrates
the ability of the solver to provide a good treatment of the iso-pressure and iso-velocity solutions, even in the case of com-
plex and non-analytic EOSs.

One can notice in Fig. 5 that the density variable p and the mass fraction variable y both inherit the anti-diffusive property
built for the variable z. Indeed, at t = 3.0 s, the pulse shape of both density and mass fraction is captured with no more than 2
cells of numerical diffusion.

The evolution of the numerical diffusion for the color function variable z throughout the computation is given in Fig. 6
thanks to the graph of the function N percent(N), where N is the number of time steps and percent(N) is the percent
of cells where the variable z is numerically diffused. At an instant t", a cell i is counted as a cell with diffused value of z if
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v <z <1—v,v=107° This graph shows that the number of diffusion cells reaches the asymptotic value of 2% (2 diffusion
cells) straight after the first time step with the anti-diffusive solver.
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Convergence rate estimates obtained with both upwind and anti-diffusive schemes, for the shock tube test of Section 5.2 at instant t = 0.14 s. The rates are
computed thanks to a linear regression performed on the function In(Ax)— In(Ea[q](t = 0.14)),q € {p,P,u,z,y}.

Variable Convergence rate for the upwind scheme Convergence rate for the anti-diffusive scheme
Pressure 0.819 0.830
Velocity 0.824 0.835
Density 0.656 0.833
Mass fraction y 0.478 1.042
Color function z 0.525 1.038
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Fig. 10. One-dimensional impact problem. Profiles of the density, the pressure, the velocity, the mass fraction and the color function obtained with the
upwind scheme, the anti-diffusive scheme and the exact solution, at t = 85 s.
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5.2. Shock tube test
We now test the anti-diffusive with a shock tube simulation that is derived from the classical test elaborated by Sod [53].
The test involves two perfect gases whose EOSs read
Py =(y,—Dprer, k=0,1. (42)

At t = 0 both fluids are at rest in a 1 m long one-dimensional domain, separated by an interface located at x = 0.5 m. On
each side of the interface, the initial fluid state is

(y,p,u,P) =(1.4,1.0kgm3,0.0,1.0 Pa), for 0 <x < 0.5,
(y,p,u,P) = (2.4,0.125 kg m~3,0.0,0.1 Pa), for0.5<x< 1.
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Fig. 11. Shock tube problem with the Cochran-Chan and the JWL gas. Profiles of the density, the pressure, the velocity, the mass fraction and the color
function obtained with the upwind scheme, the anti-diffusive scheme and the exact solution, at t = 73 ps.



Fig. 12. Two-dimensional advection test. Profile of the color function at t = 0.
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The domain is discretized over a 300-cell mesh and both boundary conditions are computed by maintaining constant states.
Fig. 7 displays the results of the simulation at t = 0.14 s. For both pressure and density there is a good agreement between
the anti-diffusive and the upwind solver. One can see that the interface is captured with at most two diffusion cells by the
anti-diffusive solver for all the variables that experience a jump at the material interface, namely: the color function z, the
mass fraction y and the density p. Far from the interface, the density profiles computed by both schemes coincide.

The above observations suggest that the anti-diffusive mechanism of the anti-diffusive scheme is only triggered at the
contact discontinuity. For the shock and the rarefaction waves, the anti-diffusive scheme simply degenerates to the upwind
scheme. This explains the similarities between both results. This statement is also consistent with the strong match between
the pressure and the velocity computed by both schemes as these variables are not sensitive to the strength of the contact

discontinuity. This phenomenon will be illustrated in the next tests.

We notice a slight undershoot at the contact discontinuity for the density. Fig. 8 displays the result obtained for the same
test with a 50000-cell grid: as we refine the mesh, this flaw vanishes and all variables converge to the exact solution.
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Fig. 14. Two-dimensional advection test. Percent of cells in the domain where the color function z is numerically diffused versus the number of time steps,

for the upwind the and the anti-diffusive scheme.
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the density p

y=1{0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8} for the mass fraction y obtained with the anti-diffusive scheme at instant t = 7.0 s.
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The evolution of the numerical diffusion is displayed in Fig. 7 and is quite coherent with the results of Section 5.1. After
the very first time steps, the shock departs from the interface, which becomes driven by the advection at the local velocity.
Then, the percentage of diffusion cells reaches instantaneously an asymptotic value of 0.33%, i.e. one diffusion cell.

5.3. Convergence test

The shock tube test of Section 5.2 is now used to investigate the convergence rate of the anti-diffusive scheme. We obtain
a converge rate estimate of the scheme by computing the relative error of the approximate solution in L' (0, 1) norm for dif-
ferent space steps. Let g be a computed variable, we note g®*** the exact solution and q,, the approximate solution computed
on a Ax space step mesh. The L'(0,1) relative error Eq] for the variable q and the space step Ax is defined by
t—Eaq](t) = 1g (. ) — qax(s Ollpr .0y / 110 (5 D)l 01y- Fig. 9 displays the relative error in log scale of the variables
p,u,P.y and z at instant t =0.14s for the range of space steps Ax~! € {300,500,10°,5 x 10°,8.5 x 10°,10%, 15 x 10°,

1 2 1 1 1 1 1 1
upwind
anti-diffusive = =
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0 £ e e = o = m am = == === = Y=

T T T T T
0 1000 2000 3000 4000 5000 6000
time steps

Fig. 17. Air-R22 cylinder/bubble interaction test. Percent of cells in the domain where the color function z is numerically diffused versus the number of time
steps for both upwind and anti-diffusive scheme.
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Fig. 18. Evolution in the space-time plan of the following wave fronts: the incident shock wave (marked with a “x” symbol), the upstream interface
position (marked with a “+” symbol), the downstream interface position (marked with a “<$” symbol), the refracted shock wave (marked with a “A” symbol)
and the transmitted shock waves (marked with a “A” and a “*” symbol). The space measures refer to the distance between the wave front location and the
first contact position between the cylinder and the incident shock wave.

Table 2

Air-R22 shock/cylinder interaction test. EOSs coefficients and initial data.
Location Density (kg m3) Pressure (Pa) Uy (ms') u, (ms™) v
Air (post-shock) 1.686 1.59 x 10° -1135 0 14
Air (pre-shock) 1.225 1.01325 x 10° 0 0 1.4

R22 3.863 1.01325 x 10° 0 0 1.249
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20 x 10%,30 x 10%,50 x 10°}. We computed the value of the convergence rates by performing a simple linear regression.
Results are gathered in Table 1. For the pressure and velocity variables that are “blind” to the contact discontinuity wave
strength the convergence rates are quite similar with both schemes. However, the error for the variables y and z is reduced
by more than one decade for small values of Ax and we obtain convergence rates which are close to 1.0. This convergence
improvement is visible with the density variable that is sensitive to every waves of the system for small values of Ax.

t = 50 us (anti-diffusive) b= B0 (wpv )

t = 239 ps (anti-diffusive) t = 239 ps (upwind)

t = 430 ps (anti-diffusive) t = 430 s (upwind)

t = 540 us (anti-diffusive)

t = 1020 us (anti-diffusive) t = 1020 us (upwind)

Fig. 19. Air-R22 shock/cylinder interaction test. Mapping of the color function z for both upwind and anti-diffusive solvers. The initial position of the
cylinder is represented by a solid black line. The instant t = 0 is chosen to coincide with the time when the shock hits the cylinder.
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5.4. One-dimensional impact problem between two Mie-Griineisen materials

We consider a Riemann problem examined by Refs. [27,34,3] that aims at simulating the impact of a copper plate onto an
inert solid. We suppose that both components are governed by a Mie-Griineisen-type EOS:

P(p.&) = I(p)p(e — & ™ (p)) + P'(p). (43)

l

;

|

t = 180 us (anti-diffusive) t =180 pus (upwind)

Fig. 20. Air-R22 shock/cylinder interaction test. Schlieren diagram for both upwind and anti-diffusive solvers. The initial position of the cylinder is
represented by a solid red line. The instant t = 0 is chosen to coincide with the time when the shock hits the cylinder. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)
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Each material is supposed to verify the Cochran-Chan law, which provides the following form for the functions I', &*f and P™':

gref(p) _ Z M (p ref)lé"r 1| e Pref(p) _ Z(_l)kﬂdr (&Ef) ~ér I(p) el
r=12 (1- gr)pmf p 7 r=12 p 7

t = 1020 us (anti-diffusive) t = 1020 us (upwind)

Fig. 21. Air-R22 shock/cylinder interaction test. Schlieren diagram for both upwind and anti-diffusive solvers. The initial position of the cylinder is
represented by a solid red line. The instant t = 0 is chosen to coincide with the time when the shock hits the cylinder. (For interpretation of the references to
color in this figure legend, the reader is referred to the web version of this article.)






in controlling the numerical diffusion of the interface with a single diffusion cell while the upwind scheme captures the
interface in a 56-cell region. The variables p and y which are sensitive to the contact discontinuity also approximate the
interface with a single cell. Moreover, no spurious oscillations appear at the interface for the pressure or the velocity.

5.5. Shock tube problem with two Mie-Griineisen materials

We now turn to another Riemann problem involving two Mie-Griineisen components. This test has been presented in
[27,34] and it involves the same Cochran-Chan material modelling copper that was used in Section 5.4 with a Jones-Wil-
kins-Lee (JWL) material modelling a gaseous explosive. The EOS for the JWL gas reads

ref’
[(p) =1 &(p { 2.2 } e, P(p <Srex {71 P }
(p) Z R pref p ’ Z p p

r=1.2

where we have

™ =025 o/ =8545x10°, ./, =205x10°, % =46, #,=135 pf=1840, e™ =8149.158 x 10°.

The domainis 1 mlong and at t = 0, the interface is located at x = 0.5 m. The explosive is initially on the left side of the inter-
face while the copper is on the right side. The state variables are set as follows:

(p,u,P) = (2485.37 kgm3,0.0,3.7 x 10" Pa), for 0 < x < 0.5 at t =0,
(p,u,P) = (8900 kg m3,0.0,10° Pa), for 0.5 <x<1att=0.

The computational domain is discretized with 300 cells and the results obtained at t = 73 ps are displayed in Fig. 11. The
solution is composed of a leftward-going rarefaction, a contact discontinuity and a rightward-going shock wave. The results
of the upwind scheme and the anti-diffusive scheme coincide for the rarefaction and the shock. In both case, no oscillations
occur at the interface. The interface is discretized with a single diffusion cell at t = 73 s, while it is spread over 37 cells with
the upwind scheme. The anti-diffusion mechanism also works for the variables y and p as in the previous tests.

5.6. Two-dimensional advection test

The present simulation aims at testing the ability of the anti-diffusive scheme to deal with pure interface advection in a
two-dimensional case. We consider a 1 m x 1 m square domain that contains two perfect gases whose EOS verify relation
(42). Initially both gases are separated by a star shaped interface (see Fig. 12) as follows: let us define

Ay = {(xl,xz) €[0,1* such that 1 — [x; —1| <x, <2 4% f%|},
of = .of1U .oy, with
ofy = {(xl,xz) € [0,1]? such that T—lx =Y <x< %}

liquid
post-shock

—-— - - — -

Table 4

Liquid-gas shock/bubble interaction test. EOS coefficients and initial data.
Location Density (kg m—3) Pressure (Pa) u; (ms1) u (ms-1) Y 7 (Pa)
Liquid (post-shock) 1030.9 3 % 10° 300.0 0.0 4.4 6.8 x 108
Liquid (pre-shock) 1000.0 10° 0.0 0.0 4.4 6.8 x 108

Air 1.0 10° 0.0 0.0 14 0.0
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at t = 0 we set

(y,p,u1,up, P) = <4.4,10.0kg m3,v2/2ms ', vV3/2ms 1 Pa), for x € o/,
(7,p,u1, Uy, P) = (1.4,0.01 kgem3,v2/2ms',v3/2ms 1 Pa) for x ¢ .o7.

The computations are performed on a 100 x 100 mesh with periodic boundary conditions. The mesh was purposely chosen
so as to check how the scheme manages sharp interfaces on a coarse grid.

The uniform pressure and velocity fields induce a translation motion of the interface across the domain. Fig. 13 shows iso-
contours of the color function z obtained with both solvers. The anti-diffusive scheme succeeds quite well in preserving both
the sharpness and the overall shape of the interface despite the low resolution of the grid. The evolution of the number of
diffusion cells is displayed in Fig. 14. After 10000 time steps, the percentage of diffused cells is only 3.75% for the anti-dif-
fusive scheme.

t = 225 us (anti-diffusive) t = 225 us (upwind)

t = 375 us (anti-diffusive) t = 375 pus (upwind)

7/

t = 450 ps (anti-diffusive)

t = 600 us (anti-diffusive) t = 600 pus (upwind)

Fig. 24. Liquid-gas shock/bubble interaction test. Mapping of the color function z for both upwind and anti-diffusive solvers.



The velocity and pressure profiles are preserved by the anti-diffusive scheme as in the previous one-dimensional tests: at
t = 7.0 s, the relative error in norm L* is about 3.6 x 10~? for the pressure and 1.5 x 10~° for the velocity. We observe that
the anti-diffusive feature of the scheme also works for both density p and mass fraction y as shown in Fig. 15 although their
profile is altered by the low resolution of the mesh.
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3e+09 T 1200 T

T T
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5.7. Air-R22 shock/cylinder interaction test

We now present a two-dimensional test that consists in simulating the impact of a Mach 1.22 shock travelling through air
onto a cylinder of R22 gas. This test aims at simulating the experiment of [13] and has been considered by several authors
such as [25,35]. Similar simulations are available in [1,28,9,33,3,37,49,12]. The initial conditions are depicted in Fig. 16: a
cylinder of R22 is surrounded by air within a L; x L, rectangular domain. At t = 0, the cylinder is at rest and with its center
located at (X;,X;). We denote by r the initial radius of the cylinder. The planar shock is initially located at x; = Ly and moves
from right to left towards the cylinder. The parameters for this test are

Ly =445mm, L[, =89mm, L;=275mm, X;=225mm, X, =445mm, r=25mm.

Both R22 and air are modelled by two perfect gases whose coefficients 7 and initial states are given in Table 2. The domain is
discretized with a 5000 x 1000 regular mesh. Top and bottom boundary conditions are set to solid walls while we use con-
stant state boundary conditions for the left and right boundaries.

The shock reaches the R22 bulk after approximately 60 ps, in the following we shall consider this instant as the instant
t = 0. Fig. 19 displays the evolution cylinder shape obtained with both the anti-diffusive and the upwind solver. The profiles
are obtained thanks to a mapping of the color function values and do not involve any interface reconstruction post-treatment
or iso-contours computation. The overall location of the bulk is quite similar for both schemes. The shape of the vortex pair is
numerically diffused into regular rounded shapes for the upwind scheme. The anti-diffusive solver succeeds in confining the
interface within a very thin layer of cells and provides a different vortex pair shape with fine irregular structures that agrees
with the simulations of [35] and the experimental results [13]. The percent of cells containing a numerically diffused value of
zis displayed in Fig. 17: after 6800 time steps, the diffusion percent is 10% with the upwind scheme, while it is only 0.5% with
the anti-diffusive solver. The continuous growth of the interface diffusion with the anti-diffusive scheme can be explained by
the stretching of the interface during the motion. The perimeter of the bulk increases, this implies that the number of sur-
rounding diffusion cells increases as well.

Table 5
Underwater explosion test. Initial conditions and EOSs parameters.
Fluid Density (kg m—3) Pressure (Pa) Y 7 (Pa)
Air above the water surface 1.225 1.011325 x 10° 14 0.0
Gas inside the bubble 1250.0 10° 14 0.0
Water 1000.0 1.011325 x 10° 44 6.8 x 108
Density Schlieren Diagram Pressure Schlieren Diagram
Upwind Anti-Diffusive Upwind Anti-Diffusive

t1

t2

t3

ta

Fig. 27. Underwater explosion test. Profiles at the instants (ty,t,,ts,ts) = (0.2,0.4,0.8,1.2) ms, of the Schlieren diagram for the density (mapping of |Vp|)
and the pressure (mapping of |VP|) with both upwind solver and anti-diffusive solvers.



The present test provides rich wave patterns and waves intefactions that has bgen thoroughly analyzed in several previ-
ous work (see for example [13,41,40,25] and also [49,12]). Figq 20 and 21 display Schlieren diagrams obtained with both
solvers and allow to observe the evolution several waves. As inf[13,25,35] we shal} consider the following waves: the inci-
dent shock wave (marked with a “x” symbol), the upstream intdrface position (mafked with a “+” symbol), the downstream
interface position (marked with a “<$” symbol), which are, respedgively, the right-mdst and the left-most location of the inter-
face at the symmetry axis x, = 44.5 mm. We also consider thefrefracted shock wdve (marked with a “A” symbol) and the
transmitted shock waves (marked with a “A” and a “*” sympol). The evolutioi of the fronts position are recorded in
space-time diagrams in Fig. 18 which strongly agree with the egperimental resultsff13] and the simulations of [35]. Follow-
ing as [25,35] we performed a linear least square fit of each sefjpoint in order to gvaluate the propagation velocity of each

Fig. 28. Underwater explosion test. Comparison of the density profiles at t =j. , between the upfind solver (left) and anti-diffusive solver (right).
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wave. The results are summarized in Table 3 along with the previous simulation results of [25,35] and the experimental re-
sults of [13]. The velocity V; of the incident shock wave is computed for t € [0,250] ps, the velocity Vi of the refracted shock
wave is measured for ¢ € [0,200] ps. The initial and final upstream positions and are measure for, respectively, t € [0,400] ps
and t € [400,1000] ps. The initial and final downstream positions and are measure for, respectively, t € [200,400] ps and
t € [400,1000] ps. The velocity of the transmitted x-wave is evaluated for t € [200,259] ps. Table 3 shows that a good agree-
ment is found with both the simulations performed in [35] and the experimental results of [13].

Finally, we provide a record of the pressure values at different stations throughout the simulation. Following [25,35] we
used the stations located at the distance {3,11,27,43,67,99} mm downstream the gas cylinder along the symmetry axis which
corresponds to the points M, € {(x1,x,) | X; = 197,189,173,157,133,101 mm, X, = 44.5 mm}. The results are displayed in
Fig. 22. One can observe a good agreement between our results and the results computed in [25,35].

5.8. Liquid-gas shock/bubble interaction test
We perform another shock/interface interaction test proposed in [28] that involves a gas bubble surrounded by a liquid.
The geometry of the initial condition is depicted in Fig. 23 with the following parameters value:
Ly=2m, Lhb=1Tm, [=004m, X;=05m, X;=05m, r=04m.

The gas within the bubble is governed by a perfect gas law while the liquid is modelled with the stiffened gas law (41). The
EOS parameters for each material and the fluid state at t = 0 are provided in Table 4.

t = 2.0s (anti-diffusive) t =2.0s (upwind)

t = 4.0s (anti-diffusive) t =4.0s (upwind)

Fig. 30. Kelvin-Helmholtz instability test. Mapping of the color function values obtained with the anti-diffusive scheme and the upwind scheme at instants
te€{2.0,4.0}s.
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The computational domain is discretized with a 600 x 300 grid and we use solid wall boundary conditions for the top and
bottom boundaries while we impose constant states at the left and right boundaries. Figs. 24 and 26 display the mapping of,
respectively, the color function and the density at several instants. One can clearly see the important variation of the inter-
face topology and more specifically the creation of two symmetrical vortices on each side of the axis x, = 0.5 m as in [28].
The anti-diffusive feature of the scheme provides sharp profiles for the color function, the mass fraction and the density. At
t = 75 ps, the number of diffusion cells for the anti-diffusive scheme is 2.74% while it is 19.31% for the upwind scheme. Pro-
files of cuts along the axis x, = 0.5 ms for the density and the pressure show a good agreement between both scheme far
from the interface (see Figs. 25 and 26). The contact discontinuity that appears in the density variable is very sharp. However,
one can note that when the waves start interacting with the diffused interface zone for the upwind scheme this induces dif-
ferences in the density profiles.

5.9. Underwater explosion test

We consider a test presented in [35] for a model of underwater explosion. The phenomena involved in this test have been
studied in [41]. The computational domain is the rectangular domain [-2,2] m x [-1.5,1] m. At t = 0, the horizontal water
surface that separates air and water is located at x, = 0 and below this line, a bulk of compressed gas lies surrounded by
water. This gas bulk has a circular shape with the center (x;,x,) = (0, -3 m) and a radius ro = 0.12 m. The liquid in the do-
main is governed by the stiffened gas law (41) and both air above the water surface and gas inside the bulk are modelled
with the same perfect gas law. At t = 0, the fluids are at rest in the whole domain. The initial state variables and the EOS

t = 5.0s (anti-diffusive)

t = 8.0s (anti-diffusive) t =8.0s (upwind)

Fig. 31. Kelvin-Helmholtz instability test. Mapping of the color function values obtained with the anti-diffusive scheme and the upwind scheme at instants
te {50,80}s.
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parameters are provided in Table 5. Gravity effects are neglected and the left, right and bottom boundaries are solid walls,
while we impose a transparent boundary condition for the top domain boundary. The domain is discretized with a 400 x 250
grid. We display the profiles of the Schlieren diagram for the density and the pressure at the instants
t€{0.2,0.4,0.8,1.2} ms in Fig. 27. Two circular pressure waves depart from the interface: a shock wave travelling in the
water and a rarefaction wave travelling in the gas bulk. As expected (see [41,35]), the gas bulk first starts expanding sym-
metrically, then as soon as the shock hits the air-water separation, a wave diffraction phenomenon occurs and the shape of
the gas bubble evolves into an oval shape. The comparison between the upwind solver and the anti-diffusive solver shows a
good agreement (see Fig. 29). The anti-diffusion effect of the solver is clear for the variable y,z and p as seen in Figs. 28 and
29. At t = 1.2 ms, the number of diffusion cells of the interface for the upwind solver is 15.62% while it is only 0.51% for the
anti-diffusive solver.

5.10. Kelvin—-Helmholtz instability

We consider the simulation of a Kelvin-Helmholtz instability. The computational domain is a 1 m x 1 m square contain-
ing two perfect gases separated by an interface I'. We define I" as a perturbation of the line x, = 0.5 m in the region x; € o, 8],
where 0 < o < 8 < 1. The perturbation is defined by the iso-contour f(x;,x,) = 0, where the function f reads
X2 + K 'sin [n(%)], if x; € [o, ﬂ},.

X, —1/2, if x1 ¢ [0, f]

For our test, we chose the parameters («, 8,K) = (0.65 m,0.85 m,0.03 m). At t = 0, the flow configuration is given by

f(Xth){

(v, p,P,uy,up) = (1.40,1.0 kg m—3,0.71 Pa, + 0.25 ms~1,0.0), if f(x;,x;) >0,
(y,0,P, u1,up) = (1.67,1.0 kg m~>,0.71 Pa, — 0.25 ms™',0.0), if f(x1,%;) <O.

The discretization is performed with a 1000 x 1000 grid. We set periodic boundary conditions for the left and right bound-
aries. Both top and bottom boundaries are solid walls. This test is meant to challenge the ability of the anti-diffusive scheme
to deal with very complex variations of the interface geometry while keeping control of the numerical diffusion for the var-
iable z.

Figs. 30 and 31 provide a mapping of the color function values for both anti-diffusive and upwind schemes at several in-
stants. One can see that the overall aspect of the instability is similar with both schemes. However, in regions where the up-
wind scheme generates 0 < z < 1 numerical values for the color function, the anti-diffusive scheme creates very fine
interface structures that are not destroyed by the numerical diffusion. Moreover, when numerical diffusion seems to extend
within the central vortex for the anti-diffusive scheme, it seems to decrease again after few time steps. Let us emphasize that
we do not claim that the filaments appearing in the anti-diffusive results are more physically relevant than the shapes ob-
tained with the upwind scheme. Neither do we suggest that the solution has a better resolution — in the sense of a more
converged solution — with the anti-diffusive scheme. Indeed, there is no reason to suppose that the velocity field computed
by the anti-diffusive scheme is a better resolved velocity field and describes finer vortices than the velocity field computed
with the upwind scheme.

As in the previous tests, we see that the anti-diffusive solver succeeds in controlling the diffusion of the color function z
(see Fig. 32). After about 11000 time steps the percent of cells with numerically diffused value of z in the domain is 7.54% for

(a) (b)

70 L L L L - 0.007 L . L L L L -
upwind upwind
anti-diffusive = = s anti-diffusive O
60 = 0.006
=
g
~ 50 A + 2 0.005
S £
- o
S 40 Fz 0004
< £
g =
2 30 4 + 2 0.003
£ g
S 20 A L5 0002
2
g
10 A _r = 0.001
0 === - - - T T T T 0
0 2000 4000 6000 8000 10000
time steps

Fig. 32. Kelvin-Helmbholtz instability test. (a) Percent of cells in the domain where the color function z is numerically diffused versus the number of time
steps, for both upwind and anti-diffusive scheme. (b) Evolution of the kinetic energy in the direction x, throughout the computation in norm L': graph of the
function t— f[m]z 1 pud(x1, %2, t)dx;dx,.
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the anti-diffusive scheme versus 59.71% for the upwind scheme. As in Section 5.7 the continuous growth of the numerical
diffusion is caused by the stretching and break-ups of the interface keeps. The interface length increases as the instability
grows and creates therefore more diffusion cells.

We observe a trend of the anti-diffusive scheme towards producing “stairstep” profiles for the interface. The same type of
numerical artefacts was observed in [57,56] with the Hyper-C scheme of [44]. This common flaw of both the Hyper-C scheme
and the limited downwind scheme of [6] is very critical when the schemes are used for advecting the profile of smooth func-
tions (see [44,7]). In our case we only deal with sharp characteristic functions whose profile are preserved by the numerical
scheme. Moreover, the stairstep profile of the interface does not seems to trigger new instabilities that would dramatically
alter the growth of the main instability when compared to the upwind results. Indeed, for the sake of comparison, we plotted
the evolution of the kinetic energy in the direction, that is perpendicular to the shear in Fig. 32. This figure displays the graph
of the function t— _f[o_l]z % pui(x1,x,, t)dx;dx,, which provides a comparison element between the growth rates of the insta-
bility computed by both schemes. The match between both approximate solutions is very strong, even for large value of t, far
from the linear growth regime.

6. Conclusion

We presented a Lagrange—-Remap solver for the five-equation model with isobaric closure examined in [2,3]. This solver
was designed following lines similar to [19,7,8]. This method allows to contain the numerical diffusion affecting the color
function z that defines the location of the interface between both fluids. Our algorithm does not involve any interface recon-
struction process and does not generate extra CPU costs compared to the classical Lagrange-Remap upwind solver. This
numerical method does not rely on the analytical form of the EOSs and allows a straightforward use of complex EOSs.
The numerical solver is conservative with respect to the mass, momentum, total energy, and partial masses. The numerical
fluxes implemented within this scheme are consistent by construction. Under a classical CFL condition, the solver is en-
dowed with stability properties for the color function z and the mass fraction y that are similar to the stability properties
of the upwind scheme. In particular, we proved positivity properties regarding both mass fraction and color function. We
proved that the numerical scheme preserves constant pressure and velocity profiles similar to those examined in [2,3].

We performed one-dimensional and two-dimensional numerical tests that showed that the discretization of the interface
is resolved within a very few transition cells. We verified throughout the tests that the anti-diffusive mechanism is also ac-
tive for other variables experiencing a jump across the interface like the mass fraction and the density. Far from the interface,
the anti-diffusive solver degenerates to the classical Lagrange-Remap upwind. A convergence test was performed on a shock
tube test that indicates that the convergence rate of the anti-diffusive solver is at most order 1. Numerical tests involving
tabulated EOSs were also achieved. By means of a simple dimensional splitting, we performed two-dimensional tests that
concur with the one-dimensional results. Indeed, we observed a good control of the numerical diffusion in the vicinity of
the interface and a strong agreement with the upwind solver far from the interface.

The anti-diffusive solver has already been successfully implemented in a three-dimensional parallelized code that is in
the process of validation. An extension of the numerical method involving higher order methods is in progress.
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